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present, is strongly in favor of the proposed mech-
anism involving methyl radicals, because the latter
are known?* to react very rapidly with oxygen.
On the other hand, the increase in the yield of
ethane in the presence of inert gases (Table IV)
eludes an explanation. The experiments with
oxygen were the last to be performed before the
unavoidable termination of this research and the
effect of oxygen in changing the ratio between
cyclopropane and propylene at low but not at
higher pressures (Table I) could not be adequately
explored.

There are thus several loose ends to this investi-
gation which need further exploration before the re-
action mechanisms here discussed can be con-
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sidered as conclusively proven. What is definitely
established by these experiments is the complexity
of even supposedly simple reactions of methylene.
The contradiction between the present experiments
and those of Doering, as well as the effect of inert
gases in modifying the reactivity of methylene, has
only one logically tenable explanation. It is that
methylene formed photochemically has an excess
of energy over the equilibrium thermal value and
that it reacts, in absence of inert gases, before this
energy is dissipated on collisions. This means
that “hot” methylene reacts very fast. What the
reactivity of methylene thermally equilibrated at
room temperature is, still remains to be determined.
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Series Solutions of Integrated Rate

Equations for Irreversible and Reversible Michaelis—Menten Mechanisms?
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The integrated rate equations for the Michaelis—Menten mechanism and for simple reversible mechanisms have been
expanded as power series in time to determine the relations between the intercepts and initial slopes of plots of (P)/t or

—(1/t)1n [1 — (P)/(P)eq] vs. t and the kinetic parameters.
rase reaction are in agreement with theory.

useful in determining the kinetic parameters for enzymatic reactions.

The magnitudes of the experimental initial slopes for the fuma-
It is shown that the initial slopes of these plots, as well as the intercepts, are

By calculating the coefficient of the #2 terms in the

series it is shown that the onset of appreciable deviations from linearity occurs at the same time for the two types of plots.

Introduction

The kinetic parameters for enzymatic reactions
are generally calculated from steady-state velocities
extrapolated to zero time to eliminate the effect of
accumulation of product on the rate. Since the
steady-state velocity may decrease rather rapidly
as the reaction proceeds, there may be some diffi-
culty in making the extrapolation to zero time.
We have therefore investigated the relation be-
tween the slopes of plots of (P)/f or —(1/f)ln
[1 — (P)/(P)eq] ws. t during the steady state and
the steady state kinetic parameters, where (P) is
the concentration of product and (P)., is the equi-
librium concentration. Such plots may be repre-
sented by power series expansions

(PY/t = all +0tll +ct + ...]} (1)
~(1/0m 1 = (P)/(Plea] = afl +8t[1+vt+ ... 1} (2)

For a particular steady-state rate equation, g, b, ¢. ..
and «, 8, v . . . may be obtained in terms of the rate
parameters by means of series expansions of the
integrated rate equation. These equations make
it possible to calculate the length of the period dur-
ing which a linear extrapolation to { = 0 may be
made. They also permit the calculation of kinetic
parameters from the initial slopes of such plots as
well as from the intercepts or make possible a check
on the consistency of the rate parameters deter-
mined from initial velocities with the decrease in
velocity with time.

(1) The preceding article in this series is R. A. Alberty, W. G. Miller
and H. F. Fisher, Tu1s JourNaL, 79, 3973 (1957).

(2) This research was supported by grants from the National Science
Foundation and from the Research Committee of the Graduate School

of the University of Wisconsin from funds supplied by the Wisconsin
Alumni Research Foundation,

Michaelis-Menten Mechanism
The integrated rate equation: for the mechanism
E+SZES—>E+P (3)
was obtained by Walker and Schmidt® on the as-
sumptions that the time required toreach the steady
state is negligible, that d(ES),/d¢ = 0is a sufficiently
good approximation,? that the reaction goes to
completion and the product is not inhibitory and
that (S)o >> (E)o. The integrated rate equation
may be written
Vst = (P) — Ksln [1 — (P)/(S)] (4
where Vs is the maximum steady-state velocity,
and Kjs is the Michaelis constant of the substrate
and (S)o is the initial substrate concentration.
Walker and Schmidt obtained Vs and Ks for the
histidase reaction from a plot of (1/f) In [I —
(P)/(S)el ws. (P)/2.

Equation 4 may be rearranged into the form of
equation 1 by expanding the logarithmic term as a
power series.

B _®) , (P2 (P)?
w1 - (5] = (& S ame tamn o ©
Substituting into equation 4 and rearranging we
obtain

(_P) _ Vst _ Kg(P)? _
(8  (S) + Ks  2[(S)o + Ks|(S)?
Kg(P)?

3IS) + et ~ 0 (@
For small extents of reaction, (P)/(S), << 1 and
the first term on the right-hand side of equation 6
may be substituted for (P)/(S); in the second

(3) A. C. Walker and C. L, A. Schmidt, Arch. Biochem., 5, 445
(1944).

(4) M. F. Morales and D, E. Goldman, Turs JourwaL, 77, 6069
(1955),
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term. Squaring this equation gives the second ap-
proximation to (P)%/(S)e®. Substitution of this
relation and (P)3/(S)* = [Vst/((S)e+Ks) ] into
equation 6 yields

DA

2Vs(S)e?
K21 — 2(S)/Ks)t -
375 (9)2 + .00 (D
where 2, = Vs/[14+Ks/(S)o]. Thus it can be seen

that for sufficiently short times of reaction a linear
extrapolation of (P)/¢ vs. t back to t = 0 yields the
initial velocity v, as given by the Michaelis—Menten
rate equation. Determination of v, at two or
more (S), makes it possible to calculate Ks and
Vs. However, if it is possible to determine the
initial slope of the plot of (P)/¢ vs. ¢, the values of
Ks and Vg may be calculated from the intercept
and initial slope of a single experiment by using
equation 7. The coefficient of the ¢ term in the
innermost brackets indicates the time at which the
plot will be appreciably curved. If (S), = Ks/ 2,
it can be seen that the coefficient of this term is
equal to zero, and that the sign of this term changes
at this substrate concentration.

Equation 4 may be rearranged into the form of
equation 2 by solving equation 5 for (P), and sub-
stituting into equation 4 to obtain

Vs
=(1/t)In [1 — (P)/(S)] = O
e,
2[(S) + Ksl(S)

s . (8)

3[(S) + Ksl(S) = "
By introducing the quantities derived earlier for
(P)%/(S)e? and (P)#/(S)e® into the second and third
terms on the right-hand side of equation 8, and re-
arranging, we obtain

P)7 _ = g

-(el-wl-® 1(+

v’ Ksvo’(1 — 2(S)/Ks)t !

2VS(S)0[1 - 3Vs(S)e? o ]f @
The initial steady-state velocity v is therefore ob-
tained by multiplying the intercept by (S),. If it
is possible to determine the initial slope in addition,
the values of Vs and Ks may be calculated from an
experiment at a single substrate concentration.
The coefficient of ¢ in the innermost brackets is ex-
actly the same as in equation 7, and so the onset of
appreciable deviations from linearity in plots of
(P)/tws. tor —(1/HIn [1 — (P)/(S)e] vs. ¢ will occur
at the same time,.

In testing equation 4 with chymotrypsin Huang
and Niemann® found that marked deviations were
obtained after 409, hydrolysis of acetyl-L-trypto-
phan-amide as a result of inhibition by product.
They showed that when product inhibition repre-
sented by

-+

E 4+ P> EP (10)
was added to mechanism 3, the integrated rate
equation became

=g -5,) @+

Ks' =~ \Ks
(1-{-%’)1:1[1—%

(3) H.T. Huang and C, Niemann, THIS JoURNAL, T3, 1541 (1951).

(11)
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where Kp is the competitive inhibition constant
for the product P. The various ways in which this
equation may be used have been discussed by Nie-
mann and co-workers.5—? Rather than consider
product inhibition as an addition to mechanism 3,
we prefer to treat it as shown in the following sec-
tion.
Simple Reversible Mechanisms
For the simple reversible mechanisms
E+STXEXTZE+P (12)

E+STZEXZTZEYZE+P (13)
Haldane!® showed that if (S)o >> (E)s the steady-
state rate equation may be written in the form

Vs Ve
_as _ap) xS T m® o
¢ ¢ (s) (P)
VYR TR
where (S) + (P) = (S)o. This steady-state rate

equation holds for mechanism (15) with an indefi-
nite number of intermediates.
E+S T XicxXeo<e> ... ==E+P (15

If the initial reactant is S the term containing (P)
in the numerator will be negligible so long as the re-
action is far from equilibrium. However, the
second term in the denominator may become im-
portant at very small extents of reaction if Kp is
small. This might make it extremely difficult to
determine experimentally the initial steady-state
velocity.

Assuming the time required to reach the steady
state is negligible, equation 14 may be integrated!!

to obtain
s eSS A
1+ <5)°+[1§: ] += (S)f X
Ks ]
In [1 - (%2; (16)

As is evident from equation 14, the equilibrium

concentrations of S and P are related to the kinetic
parameters by
__ (P)eq = (5)0 - (S)eq —

. (Plg
Kea = 79)., (Ses

h (S)U - (P)eq
VsKp -
At NETS)
VeKs
Hence, only three of these kinetic parameters may
have independent values.

Equation 16 may be used directly in determin-
ing!? the kinetic parameters or it may be arranged
in 1nfinite series form.

Equation 16 may be arranged in the form of
equation 1 by expanding the logarithmic term in a
power series as illustrated in equation 5. Sub-
stituting into equation 16, eliminating 1’» by use of

(6) R. J. Foster and C. Niemann, Proc. Nail. Acad. Sci., 39, 999
(1953).

(7) T. H. Applewhite and C. Niemann, THis JoUurnaL, 77, 4923
(1955).

(8) R. R. Jennings and C. Niemann, bid., T7, 5432 (1955).

(9) W. E. M. Lands and C. Niemann, ibid., T7, 6509 (1855).

(10) J. B. S. Haldane, ”Enzymes,”’ Longmans, Green and Co., Lon-
don, 1930.

(11) R. A. Alberty, Advances in Enzymology, 1T, 42 (1956).

(12) Forthcoming publication.
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equation 17, and rearranging we obtain

(P) ool gl + (—1-%-@10{—;) [Kea/ Ky + UKE]%
(Plea ~ (Plea 1 + (S)/Ks X
(s)
(P)2 _ ; (1_:}0{—9(3 [Kea/Kp + 1/Ks]$ o
(Pleq® 1 + (8)/Ks
3
g~ (19

After calculatmg (P)2/(P)eg? and (P)¥/(P)es® as
described in connection with equation 6 and re-
arranging we obtain

(P) _, §; _ KouwRe

b 2Vs(s)e

[1 sto 1+1/Keq—(5)o(2/Ks—-3/Kp—-1/KsKeq)]l

3Vs(Sh?
]% (19)
where o = Vs/[1 + Ks/(S)o] and
=14 1/Keq + (S)o(Ks/Kp + 1/Keq)/Ks (20)
Thus for mechanisms 12, 13 and 15, the initial
velocity vy obtained by extrapolation to ¢ = 0 is
related to the substrate concentration by the
Michaelis—Menten equation. By determining the
intercepts at two substrate concentrations, Vs
and Ks may be calculated. From either initial
slope, K¢ may also be calculated if the equilibrium
constant for the reaction is known. However, if
Kp << (8)o, the initial slope will be great and the
extrapolation to ¢ = 0 may be quite difficult.
The coefficient of ¢ in the innermost brackets will
be equal to zero if
1 4+ 1/Keq

(Sh = 5/ = 8/Ke — 1/Kuks

For some combinations of Ks, Kp and K. there

is no possible value of (S), which satisfies this con-
dition.

Equation 15 may be arranged in the form of equa-

tion 2 as described in connection with equations 8
and 9.

1 (P)] _ ® (1 — Kg/Kp)vo?t
- (‘) m[1 - ] - <P>eq§1 T ()
[1 Kave2[1 + 1/Keq—(85)(2/Ks — 3Kp — l/KsKeq)]l

3Vs(S)h?
. ]2 (22)

It is seen that in this case the initial steady-state
velocity v is obtained by multiplying the intercept
by the equilibrium concentration of the product.
In contrast with the other plots which have been
discussed a plot of —(1/)In [1 — (P)/(P)eq] vs. ¢
for a reversible reaction may have either a positive
or negative slope depending upon whether Ks <
Kpor Ks > Kp. 1If Ks = Kp the reaction will be
pseudo first order as may also be seen from equa-
tion 16. Since Vs and Ks may be calculated from
the intercepts for experiments at two substrate
concentrations, the value of Kp may then be cal-
culated from either initial slope.

The coefficient of ¢ in the innermost brackets is
exactly the same as in equation 19, and so the same
remarks apply. Thus the onset of appreciable de-
viations from linearity in plots of (P)/¢ and — (1/%)
In [1 — (P)/(P)eg] vs. ¢t occurs at the same time.
If Ko = = and K = «, equation 22 reduces to
equation 9, as it must.

(21
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Application to the Fumarase Reaction

The fumarase reaction follows rate equation 14
provided the substrate concentrations are low
enough that substrate inhibition and activation are
avoided.!®!* Recent calculations®® indicate that
the transient phase of the reaction has a half-life
of the order of 10—* second and the time required
to reach the steady state may be neglected for
present purposes.

Several kinetic experiments were carried out at
PH 7.8 and 8.5 using 15 mM phosphate buffers at a
fumarase concentration such that 25-409, ap-
proach to equilibrium was attained in 25 minutes.
Plots of (P)/t and —(1/)In [ — (P)/(P)eq] vs. ¢
were prepared, and four of these plots are shown in
Figs. 1-4. For Figs. 1 and 2, fumarate is the sub-
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Fig. 1.—Plot of (M)/¢ vs. ¢ in seconds for (F), = 0.198
mM in 15 mM sodium phosphate buffer of pH 8.5 at 25°.
The L-malate concentrations are in mM,
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Fig. 2—Plot of —(1/t) In [1 — (M)/(Meq)] ws. ¢ in seconds
for the same experiment as Fig. 1.

strate. In each case, the solid line is predicted for
the extent of reaction covered both from the series
expansion with terms through the #? term (equa-
tions 19 and 22) and from the total integrated
equation (eq. 16). For Figs. 3 and 4, L-malate is
the substrate, and the higher terms in the series
expansion are of sufficient importance that the first
two terms do not give a good representation of the
data for a very large extent of reaction. Inclusion
of the ¢* term does not produce a fit over a very
great extent of reaction. In these figures, the
solid line indicates the limiting slope obtained from
the series expansion, the dotted line is calculated
with the series expansion including both the ¢ and
t? terms, and the dashed line is calculated using the

(13) R. M. Bock and R, A. Alberty, THIS JournaL, 75, 1921
(1953).

(14) R. A. Alberty, V., Massey, C. Frieden and A. R. Fuhlbrigge,
ibid., 76, 2485 (1954).

(15) R. A, Alberty and W, H. Peirce, ibid., 79, 1526 (1957).
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lig. 3.—Plot of (I'}/t vs. t in seconds for (M), = 4.95 A/
in 15 ml3/ sodimu phosphate buffer of pH 8.5 at 25°. The
fumarate concentrations are 1 units of absorbancy at 250
mu for a 10 cin. cuvette,
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Fig. 4—Plot of — (/) 1In [1 — (F)/(F)eq] vs. ¢ in secouds for
the same experiment as Fig. 3.
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total integrated rate equation. These theoretical
lines and those in Figs. 1 and 2 were calculated us-
ing values of Ky, Ky and Vs/17y calculated from
the intercepts and limiting slopes of plots of (P)/?
vs. t at pH 8.5 for 4.95 and 0.991 m.} L-malate and
at pH 7.8 for 4.95 and 0.793 mJJ L-malate. These
kinetic parameters are suminarized in Table I.

TaBLE I

KINETIC PARAMETERS FOR THE FUMARASE REACTION AT
25° 1x 15 m. SoprvM PHOSPHATE BUFFERS

Series expansion method
pa 78

pH 85 +H 7.

Initial velocity niethod!4
»H 8.5

tHT8

Ky(m) 6.57 2.97 7.4 3.25
Ke(ml) 0.27 0.37 0.15 0.24
Ve/ Vag 0.181  0.548 0.114  0.339

The agreement with the kinetic parameters deter-
mined carlier! is not as good as might be hoped.
The nost serious discrepancies involve the Michaelis
coustants for fumarate, and it is just these deter-
minations which are most difficult for both methods
because of the low value of this Michaelis constant.
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The new parameters satisfy the equilibrium equa-
tion 17 because this is assumed in the treatment of
the data while some of the old parameters are not
quite consistent with that equation.

Discussion

In using the steady-state kinetic method for in-
vestigating the mechanism of any enzymatic re-
action, the question always arises of whether the
steady-state velocity obtained by using data {rom
the first part of the reaction actually corresponds
with the given initial substrate concentration. The
present equations show that a linear extrapolation
to vp may always be obtained at sufficiently short
times for a simple reversible reaction, and they per-
mit a calculation of the time during which such an
extrapolation may be made for a given set of
kinetic parameters. As is apparent from the data
presented, the length of time that the first two
terms of the infinite series are a good approximation
to the whole integrated rate equation may vary
over a wide range. Under conditions where Ks
=~ Kp, the apparent first-order plot has been found
to be linear for more than eight half-lives.!! The
smaller is K» relative to Ks, the larger is the co-
efficient of the #? term. Since Kp may be calculated
from the initial slope, all four kinetic parameters
may be obtained by studying just the forward re-
action provided the equilibriuin constant for the
over-all reaction is known.

Experimental

Crystalline fuinarase was isolated from pig lieart muscle
by the procedure developed in this Laboratory.l® Funaric
and L-malic acids were purified by inethods described earlier.t’

A Beckman DU spectrophotometer operated in conjunc-
tion with a stopwatch was used to deterinine the extent of
reaction at various times. Maximum sensitivity was at-
tained by operating at the lowest possible wave length.
Absorbancies were corrected to 250 ing and converted to con-
centration of fumarate by means of the known molar absorb-
ancy indices.)* The temperature was maintained at 25 &
0.5° by means of Beckman thermospacers.

Loss of enzyinatic activity was found to be rapid iinmedi-
ately after the enzyme solution was introduced into a quartz
cuvette. After about an hour, the rate of loss of activity
became constant and so sinall thiat it was not necessary to
take it into account during the rate measurements. 1n
order to take advantage of this, 20 ml. of a solution of en-
zyme in the buffer was allowed to stand in a 10 cin. quartz
cuvette for an hour or longer. Tlen 0.2 1nl. of a substrate
solutiont which would give the desired substrate concentra-
tion in the cuvette was introduced. At the same time the
stopwatch was started. Absorbancy measurements were
made every 40 seconds.

Data were taken in phosphate buffers with either L-imalate
or fumarate as substrate. The substrate concentration was
always less than five times the Michaelis constant so that
substrate activation might be avoided. The conditions of
the experiments were those under which kinetic constunts
had been obtained previously by the initial velocity method .
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